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Simulation study of the phase behavior of a planar Maier-Saupe nematogenic liquid
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Using extensive Monte Carlo simulations and a simple approximation in density functional theory, we study
the phase behavior of a fluid of nematogenic molecules with centers of mass constrained to lie in a plane but
with axes free to rotate in any direction, both with and without an external disorienting field perpendicular to
the plane. We find that simulation predicts the existence of an order-disorder phase transition belonging to the
Berezinskii-Kosterlitz-Thouless type, along with a low temperature gas-liquid transition. In contrast to the
simulation results, density functional theory predicts a first-order orientational phase transition coupled con-
tinuously with a first-order gas-liquid transition. The approximate theoretical approach qualitatively reproduces
the field dependence of the order-disorder and gas-liquid transitions but is far from quantitative.
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I. INTRODUCTION
U= ) + X uyg(r) + 2 u(rij, o, ), 1)
i i<j i<j

In previous paper$l], the authors presented a study of

the structure and thermodynamics of a fluid composed O¥vherew:(6,¢) specifies the orientation of a molecular nem-
particles interacting via a Maier-Saupe poterfizjland con- atic axis, which is free to rotate in three dimensions, referred
strained to lie in a plane. Such a system, which is a continul© thez axis perpendicular to the system plane. The energies
ous version of the lattice FFmodel studied by Kunz and here are the external disorienting potential in trairection,
Zumbach [3], was earlier studied by Sokolovska, U,(w) = WP,(cos#), (2)
Sokolovskii, and Holovko with the presence of both firiid¢ _ o

and infinite [5] disorienting fieldswW, perpendicular to the Which for Wy>0 favors molecular axes lying in the system
plane. The external field tends to align the particles’ molecuplane, the hard-sphere potentiglg(r) for spheres of diam-

lar axes perpendicular to itself, whereby an in-plane ordereter o, and an attractive potential between a pair of mol-
disorder transition is favored, as confirmed by the resultgcules that tends to align their mutual nematic axes,
reported in[1]. It was noted in those works that this system _ :

very likely undergoes a defect-mediated order-disorder tran- u(r, @y, 7) = = Kug(r)Py(Cos ) with K>0,  (3)
sition of the Berezinskii-Kosterliz-ThoulesBKT) type  with

[6,7], in which the ordered phases lack true long-range order =) k(R0)
e Kl g, e K a,

and the corresponding order parameters vanish in the ther- _ foro<r<R 4)
modynamic limit. Additionally, the Maier-Saupe interaction ug(r)y=y rlo Rlo ’
induces a net attraction between the particles that can lead to 0 forr>R. (5)

a condensation transition. It is the principal aim of this paper

to investigate both the order-disorder and the gas-liquid tranHere,P,(x)=(3x?-1)/2 is the Legendre polynomial of order

sitions in this planar nematogenic fluid, especially the influ-2, 6,, is the angle between the axes of molecules 1 and 2,

ence of the external disorienting field up to the limiting caseand « is a range parameter. The potentig(r) is truncated

of planar rotors\W,— <. To that end, we make use of exten- and shifted aR=4¢ for the convenience of the simulation;

sive Monte Carlo(MC) simulations and a simple density this will obviously affect the system properties as compared

functional theory. In particular, for the study of the gas-liquid to those of the untruncated potential studie@lih However,

transition we introduce an efficient simulation techniquethe phase behavior will be qualitatively similar, with the

based on the Wang-Landau metH@&d for the calculation of  transition temperatures now being somewhat lower.

the density of states in lattice models. The method proposed In the calculation, we define the reduced temperature as

here is especially suited to deal with hard-core systems an#l =kgT/K=1/8K and the reduced external field :WB

allows for a straightforward implementation of the finite size=W,/K, whereT is the absolute temperaturk; is Boltz-

scaling(FS9 techniques required for a proper accounting ofmann’s constant, anl is the coupling strength in Eq3);

the long-range fluctuations associated with the presence ofe set the range parameter g o2,

critical points. The rest of the paper is organized as follows. In the next
Let us recall the essential features of the interaction modedection we describe the details of the density functional

under review. The total potential energyof theN-molecule  theory. Section Il is devoted to a presentation of the details

system in a particular configuration is given by of the simulation procedure, in particular those aspects that
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concern the search for the gas-liquid transitiofhe cluster case, this can be a good starting point and in ferromagnetic
algorithms utilized for an efficient sampling in the neighbor- systems has proven to be a relatively accurate approximation
hood of the order-disorder transition can be found explaineds far as the phase diagram is concerfie®l. In order to
in full detail in the literaturd9-13].) In Sec. IV we present perform the minimization with respect ta(w) one could
and discuss our most significant results. expand this function in terms of orthogonal functions and
then minimize the functional with respect to the expansion
coefficients. This is, however, a numerically ill-conditioned
problem which can be bypassed by using a predefined func-
For a hard-core system such as the one we are dealirtgpnal form for a(w). Here we can resort to a parametrized
with, it is convenient to construct the free energy functionala(w) which retains the functional form that one encounters
as a perturbation around the hard-disk reference sysldin  for noninteracting particles in the presence of the disorient-
Following this prescription, one gets for the free energying field W, and a transverse fiell, of the type used ihl].

II. DENSITY FUNCTIONAL THEORY

functional F, One has then
Flp]=Folp] + Filp] + Fredlp], (6) w(6,6) = exp(-w cos 6 +acos ¢) 12
where the hard-disk reference pdf§ can in turn be ex- ’ CiCy ’
pressed in terms of an ideal and an excess component,  \yherew anda will be the variational parameters of the free
Folpl =Fglpl + F&Lpl. (7)  energy functional. The normalization constants are given by
Here the excess part can be approximated using Luding’s _ ! I \/E —
equation of state for hard disk&5], which once integrated Co _1e dx= W erf(vw) 13
leads to the following excess free energy per particle:
and
BFY 1 (421—837r;+ 41477 56 In(1 )) 421 ,
= _ 3 - - ’)7 -, T
N 64 6(1-7 384 C,= f 02 dih = 2l (a2), (14
(8) 0
where=mpo?/4 is the hard-disk packing fraction. As to the where erfx) is the error function andi,(x) the zeroth-order
ideal part, its contribution per particle reads modified Bessel function of the first kind. Equati@® can
Fid now be integrated to give
Py =InpA2-1 +f do a(w)In[47a(w)], (9) BFid A
N VO:In pA2—1+In(C c )—W<x2>+a(y2>, (15)
where a(w) is the one-particle angular distribution function (ks

normalized to unity and\ is the de Broglie thermal wave- wherex=cos#, y=cos¢, and
length. The external field contribution per particle reads

1( ev merf \"Vv))
2\ —
Eoo1 <X>——(——+— , (16)
% = 2 BW(30¢) - 1), (10 Col w  2w®
with x=cosé. To proceed further one must minimize the free o) = lo(a/2) +1,(a/2) (17
energy functional with respect to the one-particle orienta- y 20a2) '

tional distributiona(w); the perturbative part of the free en- ) ) . )
ergy functional,F;, must be approximated in some fashion. With 1,(x) being the first-order modified Bessel function of

Two widely used approaches are discussed below. the first kind. In principle, one can use higher powers of the
angular variables in Eq.12), but in the case of a MF ap-

_ o proach one finds that the quadratic terms are the only ones
A. Mean field approximation needed.
The simplest choice one can make to estimate the contri- The perturbation part can also be evaluated explicitly,
bution to the free energy of the angle-dependent part of thgielding
interaction is the mean fieldMF) approach, according to

which BF1_ _ ”BK’302<1— R2+ iR =Ko o K(R—O')]>
N 2k0 2R
F, 1
% = EPJ dr 1zdwldw2a(wl) a(wz)ﬁu(rlz, (1)1,(1)2) . X{3<X2>2 + 3(1 - <X2>)2[<y2>2 + (1 - <y2>)2] - 1} (18)

(11) Now the functional6) with Egs.(8), (15), (10), and(18) can

be minimized with respect to the parameteranda using a

This equation is adequate for phases with long-range ordesimple conjugate gradient methgd7]. Once this is per-
but in the isotropic phase—in whict(w)=1/47—it yields  formed, one can also obtain the excess contribution to the

F,=0 due to the symmetry of the interaction Eg). In any  internal energyJ®*, which in this approximation is simply
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BUSIN = BF,/N, (19 with a rather peculiar system in which the “ordered phases”

o seem to lack a true long-range order but the correlation
and the pressur®, which is given by length and the susceptibility at a given densitgiverge for
Bplp =2z, + BF4IN, (20) any temperature belowlthe transition temperafigd p]. O_n

the other hand, for sufficiently low temperatures the orienta-

where the hard-disk compressibility factor{ k5] tional average of the Maier-Saupe interaction leads to a suf-

1-75/16 7 ficien_tl_y Iong-ranged_ net attraction_ that induces_ a gas-liquid

Zpp=1+ 277< > = 4>_ (21)  transition coupled with the order-disorder transition. In what

(1-7° 1281-7) follows we will first briefly review the simulation techniques

B. Modified mean field approximation

needed for an analysis of the order-disorder transition and
then present our method of choice to explore the low-

. o . temperature condensation.
As noted earlier, when the system is isotropic the MF

excess contribution to the free energy vanishes due to the
symmetry of the potential. In order to avoid this shortcom-
ing, Teixeira and Telo da Ganja8] proposed the use of a
low-density approximation in the construction of the exces
free energy functional, leading to

A. The orientational transition

As noted in[1], the order-disorder transition will take
Splace at moderate to high densities for sufficiently low tem-
peratures in the absence of external field or at slightly higher

BF, 1 temperatures when the disorienting fi#lt}, is turned on. For
N Epf dr 0w dwya(wy) el ws) these systems we apply a combination of cluster and single-
particle moves. The cluster algorithm used was developed

X{1 - exg— Bu(ris wy, y)]}. (22)  following the ideas of Swendsen and Walid| and can be

found in full detail in Ref.[13] applied to an off-lattice

Now, however, th_e mtegr_al in E¢22) cannot be e_valuated Heisenberg system. We note that in the present application
analytically even in the simpler case of a Gaussian approxi:

tion for th dicl lar distribution functidz some of the reflection moves will be redundant, given the
mation for the one-particie anguiar distri q|02n uncz( ). symmetry of the interaction, but this hardly affects the re-
Moreover, since Eq22) is highly nonlinear i< andy<, one

hould in thi b d th drati imati sults. If needed, the algorithm could easily be adapted to the
should In this case go beyon € quadratic approxima Ior§ymmetry of the Maier-Saupe interaction following the pre-
for a(w). We have thus used

scription of Priezjev and Pelcovifd2]. Additionally, when
1 W # 0 the reflection planes must contaily, whereby the

a(6,¢) = C.C exp(-wcos §-w' cos §+acos ¢ cluster moves are purely bidimensional. This implies that the
o~¢ cluster sampling will not be completely ergodic in this case,
+a’ cod ¢), (23 but this does not pose any difficulty since cluster moves are

complemented with single-particle moves.
As to the single-particle orientational moves fAp=0
ses, we have implemented an efficient algorithm which
guarantees that each and every particle move is accepted.
The main lines of the algorithm are as follows.
)—w<x2>—w’<x4>+a<y2> (1) Randomly choose a particlp whose orientation is

o= described by a unit vect@ of components’ (a=Xx,y,2).

(2) Determine the orientatio@™" for which the interac-

+a' (x* (24) ]
and the moments must also be calculated by numerical intetl-On of the chosen particle with the remaining particles of the

gration. The multidimensional integrals involved in this pro- System corresponds to a minimum. This step is easily carried

cess can be evaluated using Gaussian quadrature rules baé)e'z“lé for our system if one notices that the relevant energy

on the special orthogonal polynomials developefilihor by
means of standard Gauss-Legendre and Gauss-Chebyshev
quadratures. Finally, the excess internal energy derived from
Eq. (22) is given by

with C, and C,, defined by normalization conditions analo-
gous to(13) and(14), which must be evaluated numerically. ca
Equation(15) now becomes

Fg 4
’B—O:InpA3—1+|n< il
N Cc,C

3 S 3 A0
Bu; = = S BK2 Uolri) (5 §)7 + S BWo(S - Wo)? (26)

(where the additive 1/2 terms from ti® polynomials have

pue 1 f been dropped since they do not affect the orientational jnove
N - pf | dridesdesale)a(w)fulrss o, @) can be recast in matrix form as
XeXF{_ Bu(r12i wlwa)]l (25) IBUJ - é] . (KJ + W) . é], (27)
while for the pressure Eq20) remains valid.
where
I1l. SIMULATION METHODOLOGY
~ Various aspects of the simulation technique merit discus- Kja,gz - g,BKE Ug(rj)ss’, (29)
sion in some detail. On the one hand, we will be dealing here i
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B. Gas-liquid equilibrium

3
W= 5 BWod,z 0, (29

Recently, Wang and Landal8] proposed an efficient
. method to evaluate the density of states of lattice models.
with @, B=X,y,z In the above equation#/, is a unit vector  Following their ideas, a number of papers have appeared in
in the direction of the field, in this case thexis. By diago-  which the method has been generalized to cope with off-
nalization we have lattice simulationg19-21]. In this contribution, we propose
_ a2 a technique for the study of phase equilibria that is built on
Uj =2 Na(§9)7 (30 the ideas underlying Wang and Landau’s method. In what
¢ follows we will sketch the basics of the simulation procedure
where the), are the eigenvalues dé/!+W and $ s U-§, for a simple fluid, the generalization to other systems being
with U belng the matrix formed by the elgenvectorsI@f straightforward.

+W. Thus, minimizing(30) with the constraint thag; is The classical partition function of a simple fluid in the

normalized, one finds that the minimum energy correspondsanonical ensemble is given by

to the minimum eigenvalua,;, of KI+W and the corre- N

sponding orientation is given by-3'™". Quyr= Ve f dsNe AV, (34)
(3) With the energy minimum calculated, pick a random AN

orientation described by a vectgrand evaluate the ratio whereV is the “volume,”N is the number of particles] is

exp(— Buy) the dimensionality of the spacg represents the coordinates
&= expl— U™ = exf~ (BU; = Amin)]- (83)  (reduced with the system sizef the N particles of the sys-

tem, andU is the potential energy, which dependsshrand
(4) Finally, generate a uniformly distributed random num-V. The partition function is related to the Helmholtz free

ber y, 0<y=<1, and accept the new orientation < ¢; energyF by

otherwise, return to the previous step. _
The procedure outlined above combined with the cluster F=-kgTIn Quyr. (35)

moves considerably improves the orientational sampling. The free energyF can be written as a sum of ideBl and
The orientational order of the sample is monitoredexcess¢* contributions, with

through the eigenvalues of Saupe’s tensor in three dimen-

. . W
sions Fid=—KgT In( NIAdN> : (36)
QR = ZNE (B’ -8, with a,8=xy,z. (32
Fe*=—KkgT In(f dsNe"BU>. (37

The eigenvalues will be denoted here ky, Ao, \;. As the
eigenvalues of a traceless tensor, they satisiyAo+X,=0.  When performing computer simulation of certain problems it
The largest of the three eigenvaluas, defines the orienta- is useful to sample over different particle numbers in condi-
tional order paramete®=\,. The size dependence of this tions of fixed temperature and volume; this is the case of
quantity, and in particular that of Binder’s cumulants con-grand canonical ensembl&CE) MC simulations. Such a
structed with it, will be crucial in determining the location of sampling can be carried out by considering the probability of
the transition temperature. To that purpose, we have simua given configuration oN particles as given by
lated various sample sizes, ranging from 100 to 6400 par-
ticles. Note that foFr)infinite disorigent?ng fields the molecuElr P(N,V,T,s%) o Po(N,V, T)exp(~ BU).. (38)
axes will lie on the plane and so the two-dimensional versionhe functionPy(N,V, T) tunes the number of particles in the
of Saupe’s tensor must be employed, namely, sampling. The probability of having a sample configuration
with a certain number of particlé$; (for given conditions of
aﬁ NE (257 - Sup)  With @, B=X,y. (33)  temperature and volumean be expressed as

Now, in order to perform the FSS analysis, one should have Po(N) J dstie”

access to the calculation of certain quantitiesder param- P(N;) = . (39
eters, susceptibilities, ejdor temperatures other than those > Py(N) f dsNe8Y

for which the simulations have been run. Taking into account N

that the cost of simulating large samples is not negligible, we
have resorted to the optimized histogram reweighting tech-
nigue to produce estimates of temperature-independent quan- ce (z\/)N

tities from the recombination of energy histograms of the P H(N) = , (40)
desired quantities, in particular the order parameters. For this

purpose we have followed the prescription of Ferrenberg an@here the fugacity is related to the chemical potentjalby
Swendserf9] and Holm and JankEgLO]. A detailed descrip- z=expBu)/A%. On the other hand, from Eq&7) and(39)
tion of the procedure can be found in REE3]. we can write

In the particular case of GCE simulatiof22,23], one has
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Po(N;) e AFTN) consider that the distribution has converged to a “flat” distri-
PN = (41)  bution if the following criterion is satisfied:
2 P(N)e

N

1 —_
Py(N;) = IR

N . . . O N, Npin<N <N . 46
Our aim is to devise a functioRy(N) that provides dlat ! min < Ni < Nnas, ~ (46)

(i.e., uniform distribution for P(N) over a certain range of

densities. In this way we will be able to improve the effi- WhereAy=Npa,—Npin+1 is the number of densities consid-
ciency of the sampling procedure and attain reliable result§red ands (0<<9<1) is a given constant. When E6) is

for a broad set of thermodynamic conditions. To that purposéatisfied, a new simulation stage of the procedure is started,
we should usePo(N)=Pgat(N), where in which the new value ov is given by

PE(N) < Xt BF*(N)],  Nipin <N <Ny (42) Ws = aWsg = @™y, “7

flat ) — - -
are1d Po*(N)=0 otherwise. Of course in most caseshere o< o<1, As the procedure advances we expect the
F®(N,V,T) is not known in advance. In order to estimate running estimates oPy(N) to approachP’(N). Since the

this quantity we will exploit_the ideas introduced by Wang changes ofX(N) become progressively smaller the system

and Landay8]. Let us consider a functiof(N) related t0 iy he drawn near quasiequilibrium simulation conditions

Po(N) by and the values of2(N)-Q(N,,,) will remain practically
Po(N) = exd Q(N)], Ny < N < Ny (43) ]E:onstant, thus providing a good approximation to the excess

ree energy,

In order to estimaté€)y(N)=8F*(N), we construct a simula-

tion procedure in which the functia(N) is modified as the Q(N) = BF(N) +c. (48)

simulation proceeds so as to attain a flat histograrR(®f).

The numerical operation makes use of a MC simulation thaf,,

employs standard procedurgeriodic boundary conditions,

cubic box, etg. and consists of two main parts that will be

referred to as the equilibration run and the sampling run.

After the completion of an adequate number of stages, we
n use the final realization 61(N), denoted()y(N), to de-
termine the weight functio®y(N;)—Eq. (43)—and then per-
form actual equilibrium simulations. The analysis of the re-

The equilibration run is divided into several stages. Dur-SUItS for these equilibrium simulations is carried out by

: L dividing the run into blocks of configurations, which facili-
ing these stageR(N) does not remain fixed, but changes SO.{;IGS the estimation of error bars. For each blkcke com-

oo e ot i covaocs o mablte the probabiie 1) and buid he requied iso
ge. P grams to evaluate averages of various properties

first stages=1, isQ(N;)=0 andN=0. On subsequent stages UMD (U2, . . IF Qo(N) s close toBFo(N) [in the

Lheeg S;Eflétlglhgoscg:c:glzrjtphaert]l(?rllzl C:r?gglg?ttiz ar:f\z/(ilc\)lh)svsa:; e sense of Eq(48)] and an adequate length is chosen for the
P 9€. simulation blocks, we will be able to sample the complete

The computational scheme consists in performing a GCE: , .
MC-like sin?ulation [22] in which we usg as “equernal” phredetermlnedd.ran%(la dlf n gach bloltc:khanfd then compute
weighting factor for the particle number sampling E43) the corresponding block estimates of the free energy as
instead of Eq.(40). In this sampling, particle insertions or
deletions are selected at random with equal probability. In an
insertion, a'pa_rtlcle IS plgced at a random position in th%hereck is a constant that can be evaluated\jf;,=0 by
system, while in a deletion the particle to be removed isgyino“arexN=0)=0. Combining the results of several
rar?d‘)m'y ch_osen. The acceptance criterion of a trial ConflguE)Iocks we kcan extract a global distributi®ik) and evaluate
ration is defined by a meanBF®*. From F** we can estimate the chemical poten-

g BUHQNY tial and the pressure as a function of the number of particles
A(t|o) = ma 1,m , (44 using

BFN) = Qg(N) = In[AVP(N)] + ¢, (49)

where the index stands for the trial configuration and the 1

index o indicates the current configuratio?fl of the system. BulN) = E['BF(N +1) - pF(IN-D)], (50
Once the new configuration is chosen according to(Ed),

the value ofQ(N,,) (with N,, being the number of particles in

the new configuration, which can be eithég or N,) is up- BP(N) = = BE(N)IV + NBu(N)IV. (51)
dated using In order to make use of the simulation results obtained at

_ a given temperature to evaluate properties for different tem-

Qne(Nn) = Doia(No) = W, (49 peratures, we have employed a “simplified” reweighting
The correction ternw, depends on the stage After each  scheme. Along the equilibrium simulations for a given case
block of a fixed number of MC moves we check the “flat- we store histograms of the quantitig$(N;)) and(U%(N;)) as
ness” of the overall density distribution at that stage. Letfunctions of the particle numbe\;. We can then extrapolate
P<(N) be the fraction of configurations witN particles. We  the values of** using
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0.0

BF= (BEo+ UndB= S(FUNARR, (62
where the subscript 0 indicates results at the simulation tem- ~
perature Ty, Ug(N)=(U),, AB=B-B, and 2U=(U? e
—-(U)? both U, and 6°U are functions oN, V, T. o3 FEEr

In principle, one can estimate the liquid-vapor equilibrium
(LVE) at a given temperature by checking if there are two I
different values of the density with the same values of Pres- oir
sure and chemical potentidMaxwell construction We 0
found it more straightforward to use a different strategy -0
which yields the same results in the thermodynamic limit.
Using the values of the free energy at given conditions of -03
temperature and volume, we can compute the density distri [
bution in the grand ensemble,

0.2

P(N|2)  exgl - BF(N) + BuN], (53) o
and determine the value of the chemical potentiglthat A 0'5__
maximizes the density fluctuations. Fap we compute the * 04
average density,,=(N)/V and the moments of the density
distribution, 03
m={(p=pm)"), (54) 02
fori=2,3,4. Wedefinedp=1\m, andG=(3-m,/m?)/2. The 0.1

momentmy is zero foru=puq due to the condition of maxi-
mum for m,. The value ofG indicates whether the density
distribution is bimodal(G=1 in the thermodynamic limit,
with equilibrium between two phases with different densi-
ties) or normal (one phaseG=0 in the thermodynamic FIG. 1. (Color onling Temperature and size dependence of the
limit). In the first case we can estimate the densities of th&igenvalues of the three-dimensional Saupe tensor for a coplanar
liquid and vapor phases gs,=pyt p. The results are ex- Maier-Saupe fluid ap02;0.8 without external fields._The orienta-
pected to show system-size dependence and simulations witiqnal order parameter iS=A.. Curves are labeled in the legend
different sizes are required to extrapolate the results to th@ccording to sample size. Symbols denote simulation data and the
thermodynamic limit. solid curves are obtained from the histogram reweighting technique.

In order to analyze the critical behavior, FSS methods
[24] must be used. A simplified version of the standard treat- T(L)-T,=aL™®, (55)
ments was used in this work. The essential difference of our
procedure is that we do not take into account the so-calle
field-mixing phenomenofR4]. The key point that makes our
treatment reliable is the fact that the field-mixing contribu-
tions to the GCE density distribution at the critical point
vanish[24] as the system size=V'? increases.

Considering that LVE occurs precisely on thg(T,L)
line, we expect that as temperature increases alongughe
line we will find a continuous change fro@=1 to G=0,
which will be steeper for larger systems. In the thermody- |n our search for the orientational order transition we have
namic limit, this change takes place abruptly at the criticalconsidered the following cases: systems with disorienting
temperatureT.. According to FSS theory, af. the value of fields \/\[5:1,00 (i.e., planar rotors and densities po?

G is expected to be system-size independ@tll.,L)=G.  =0.8,0.6, and systems without external field and densities
(for not too small systemsand “universal.” For the LVE of p¢?=0.8,0.7,0.6. In these conditions we have simulated
systems in two dimensions belonging to the so-called Isingamples from 100 to 6400 particles, generatinf) ddhfigu-
universality class such a value@ =0.916[25]. In orderto  rations during equilibration and 2:510° configurations in
estimate the critical temperature of the different models wehe production run. Each new configuration forNuparticle

can perform simulations for various system sizes and temsample is generated afthrtranslational move trials and ei-
peratures, then by means of reweighting techniques we caher one cluster move dy single-particle moves.

locate, for each system size, a pseudocritical temperature In Fig. 1 we have plotted the eigenvalues of the three-
TZ(L) which satisfiesG(T(L),L)=G.. These pseudocritical dimensional Saupe’s tens@3) for various sample sizes and
temperatures are expected to sd@4,26,27 as temperatures in the absence of external field. Values for the

ith b=(1+6)/v, # and v being critical indices.(See
24,26,27 for details) If G; is unknown for a given system
we can still find alternative criteria to define pseudocritical
temperature3 (L), and use them to extrapolatg If such is
the case we expett=1/v [24,26,21.

IV. RESULTS

046132-6



SIMULATION STUDY OF THE PHASE BEHAVIOR OF A.. PHYSICAL REVIEW E 71, 046132(2009
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}\, -0.30

-0.40

0.00

}\,0 0.10

-0.20

-0.30 | L | I | L | L
L 1.40 1.50 1.60 1.70
0.40 T*
I FIG. 3. (Color online Temperature and size dependence of the
060 1= eigenvalues of the two-dimensional Saupe tensor for a coplanar
r Maier-Saupe fluid apo?=0.8 in the presence of a perpendicular
A osol disorienting fieldW,=2. This is a fully two-dimensional system of
e | planar rotors. Labels as in Fig. 1.
040 . N o1 -
N—o but its derivativef’(x)=—N cosh<(N-x) exhibits an
evident s-function behavior, essentially the same behavior
030~ we will encounter when analyzing the order parameter sus-
§ ceptibility.
0.20 L L L L L " L . Additionally, in Fig. 2 there is another interesting feature.
1.10 1.20 1.30 1.40 1.50 i -
T* In contrast to thé\;=0 case, in the presence of a disorient-

ing field the eigenvalua, changes sign. Right at the tem-
FIG. 2. (Color onling Temperature and size dependence of thePerature of the sign change one has=-A\., which is pre-
eigenvalues of the three-dimensional Saupe tensor for a coplan§l58|y. the rglatlon that is satisfied by the elgenvalues of the
Maier-Saupe fluid apa?=0.8 in the presence of a perpendicular two-dimensional Saupe’s tensor. Moreover, if one calculates
disorienting fieldW,=1. Labels as in Fig. 1. the susceptibility from the fluctuation of,,

_ 2y _ 2
simulated samples are indicated by symbols; the curves are x =N = ()9, (56)

obtained by means of histogram reweighting. A similar set ofand plots it versus temperature for various sample sizes, one
results forW,=1 is plotted in Fig. 2. In both cases two in- finds that the temperature of the sign change corresponds to
teresting features can readily be appreciated. First, one obhe maximum in the susceptibility; i.e., the change of sign in
serves that the order parameSer, (the largest eigenvallie ), signals the order-disorder transition whiv,>0. This
decreases with the sample size; i.e., one should expect thgiobably reflects the fact that in the presence of a disorient-
for an infinite sample this quantity will vanish completely. ing field the order-disorder transition is strictly in plane,
This is in marked contrast with the behavior of order param-whereas in the absence of field there is no privileged direc-
eters in ordinary order-disorder transitions, which in the low-tjon in space as far as the orientation of the particles is con-
temperature region converge to a finite value. Consequentlgerned. Obviously, in the limiting Cas‘é/a:oo we have a

in those cases the order parameter curves for various systegihgle relevant eigenvalue of the two-dimensional Saupe ten-
sizes exhibit a crossover which is not to be found in oursor (33), \,=-\_, since we are dealing with a strictly two-
results. This vanishing of the low-temperature order paramdimensional system. The corresponding order parameter is
eters in our system is a consequence of a Mermin-Wagnepiotted in Fig. 3; one can see that both its temperature and
type theoreni3,28] and signals the likely presence of a BKT sample-size dependence follow the same trends as their finite
transition. However, even if the order parameter vanishes iand zero-field counterparts.

the thermodynamic limit, it is clear that the slope of evs In Fig. 4, together with the susceptibility we plot the con-

T curve near a certain transition temperatilig: grows  stant volume specific heat per particle in unitskgf evalu-
when the sample size is increased. This indicates that thged as

fluctuation of the order parameter will exhibit a divergence at

the transition. The fact that the order parameter vanishes at _ 1
temperatures below and above the transition but the slope €= NT
right at the transition temperature grows with sample size

can be easily illustrated by the behavior of an elementaryn contrast with the susceptibility, this latter quantity does
function like f(x)=[1-tani{N?x)]/N in the vicinity of x=0.  not exhibit any tendency to diverge. This is in accordance
One clearly observes that this function vanishes in the limiwith the typical behavior of a BKT transition, in which the

[((U7K)?) = (UIK)?]. (57)
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FIG. 4. (Color online Constant volume specific heat per particle T
(in units of kg) and susceptibility(normalized fluctuation of the
order parameteS=)\,) for a coplanar Maier-Saupe fluid gio? FIG. 5. (Color onling Size and temperature dependence of
=0.8. Labels as in Fig. 1. Binder’s cumulants for a coplanar Maier-Saupe fluidoaf=0.8.

Labels as in Fig. 1.

specific heat maximum turns into a cusp as the thermody-, o _ o _ .
namic limit is approachefB]. On the other hand, the suscep- T from which is possible to perform a finite size scaling
tibility exhibits a clear divergence with increasing sample@nalysis and obtain an estimate of the transition temperature,
size and again, as should be expected for a BKT transitionlkr- The Ty, values obtained from the susceptibility maxima
this quantity also diverges for temperatures below the transignd the crossover temperaturég must follow the same
tion temperature. This is evidenced in Fig. 4 by the fact thagcaling law. In agreement with previous wdi0], we have

at low temperatures the value of the susceptibility increasefpund that our results follow
with the sample size. We will see that an estimate of the

transition temperature can be obtained from a finite size scal- Ter() =Ter + %, (60)
ing analysis of the temperatures corresponding to the (c+Int)
maxima of the susceptibilityl ., where|=\N and Ty;(l) is either T}, or T. The fit of T,

Additionally, one can resort to a more complete analysi§ o\ es(represented in Fig. 6 vs 1/M) leads to an estimate
of the order paramete$ in terms of Binder's cumulants. ¢ T;Tzl 110+0.008 wherWézl and T--=0.999+0.001
. . .110+0. 1+ =0.999+0.
Following Weber, Paul, and Bind¢e9], one can calculate whenW,=0. A similar fit carried out for the crossings of the

04 = (SHSH?, (58) 04 andg, cumulant curves for 100 and 400 particle sqmples
yields an estimate off,;=1.13+0.02 forW,=1 and Ty
_ 2 2 =0.99+0.01 forW,=0. We can conclude that the transition
92 =(SHS*, (59 0 clud
temperature fopa?=0.8 andW,=0 is T,;=0.99+0.01 and
the fourth- and second-order cumulants, respectively. Thedat T,;=1.12+0.02 wheW,=1. A summary of the results
guantities are plotted in Fig. 5. In contrast with the results forobtained for other densities and disorienting fields is pre-
the plain order parameter, the cumulant curves do exhibit aented in Table I. Note that the results f@#*=0.6 in the
clear crossover, in consonance with the behavior found in thabsence of field are somewhat inconclusive since, as shown
usual first- and second-order orientational transitidi329. below, this point lies near the liquid-vapor binodal.
Now, if we take one sample sizesay 100 particldsand In Fig. 7 we analyze the scaling of the average of the
analyze the temperatures that correspond to the crossing witirder parameter squared evaluated for the temperatures cor-
curves for other sample sizes, we obtain a series of estimategsponding to maxima of the susceptibility. According to To-
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1.60 -
1.40

1.20

1.00

T#, =0.99 (W, =0.0) |

FIG. 6. (Color online Finite size scaling of
the temperature corresponding to a maximum
susceptibility, T:n, for a coplanar Maier-Saupe
fluid at po?=0.8 with and without disorienting
fields.

0.1 0.15
1/1og(N)

mita and Okab¢30], this quantity should scale as

AT
T (c+InhZ

(S (61)

Since our number of samples is somewhat limited, we sim

ply fit (S%(1))1"7 and neglect the logarithmic corrections,
which are relatively small in any ca$80]. The log-log plot

0.2

measures the relative orientation of two spins separated a
distancer as is defined by

G,(r) = 5(P,(cos 1)

where(: - -), denotes the ensemble average in a spherical shell
contained between—Ar/2 andr—Ar/2 with a sufficiently
small Ar. This quantity is plotted in Fig. 8 in the absence of
external field for a low-temperature state well below the tran-

of Fig. 7, and similar calculations for other densities andgitjon temperature and various sample sizes. One clearly ob-

fields, lead to the values af collected in Table I. One ob-

serves that the sample-size dependence becomes apparent for

similar results for all densities, whereas the values\iér

particles the results up to @&Oare reliable. In accordance

=1 are significantly lower. Interestingly, Kunz and Zumbachyith the behavior of the order parameter, one would get

[3] give =0.4 for the lattice version of our model without
disorienting field, and Tomita and Okabe give=0.24 for
the XY model, which is essentially our model whati,
—o0. Our calculations, however, predict a minimumfor

lim,_q Gy(r)=0 in the thermodynamic limit. However, what
is evident from Fig. 8 is that the system exhibits a large
degree of orientational order in the short and medium range.

This order is destroyed at larger distances by the presence of

finite nonzero field and do not show a substantial decrease igy|jective excitations spin waves that on the other hand al-
the critical exponent in the fully coplanar sample. We do notioy, for coherent orientation of the spins at smaller length
have a clear explanation for these discrepancies, and they.ajeg[31]. Another possibility is the formation of vortices
might be ascribed to the fact that our largest sample sizes atgat would destroy the long-range order, as recently found in
relatively modest compared with those of lattice calculationsgrofiuid monolayer§32]. In contrast, when both the disori-

(our largest =80 vs| =256 in Ref[3] and 512 in 30]). Only

enting fieldW, and a transverse fiell,, like the one used in

the zero-field continuum and lattice results seem to agreg] are turned on, these extreme size dependencies disap-

qualitatively.

pear, since then the system exhibits a true long-range nem-

The lack of true long-range order is also reflected in theygic order induced by the fields.

behavior of the angular correlation functidB,(r) which

TABLE |. Transition temperatures and critical exponenfor
the planar Maier-Saupe fluid with and without a disorienting field.

Wo
0 1 0
P02 T:<T 7 T:(T 7 T*KT 7
0.6 0.513) 0.293) 0.652) 0.123) 0.792) 0.2711)
0.7 0.781) 0.362)
0.8 0.991) 0.382) 1.122) 0.172) 1.351) 0.321)

In our study of the gas-liquid transition we have simulated
several models with different values wg [Egs. (1)—(3)]:
W,=0, W, — - (simple isotropic Yukawa-like interaction
W,=-1, W,=+1, andW,— o (orientations constrained in a
plane. In the limit \/\/6—>—00, the spins are oriented in the
same direction and the plain radigj(r) interaction is recov-
ered. As mentioned earlier, in the limity— o, the system
resembles a continuum version of the lattice ¥&smodel,
with an added attractive interaction.

The starting point for the simulations in the equilibration
part is a system without particles. The simulation runs are
arranged in cycles. In each cycle we first perform a certain
number of particle insertion or deletion attempts, then we
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-5 T

FIG. 7. (Color online Finite size scaling of
the average of the order parameter squared at a
temperature corresponding to a maximum sus-
ceptibility (($?,) for a coplanar Maier-Saupe
fluid at po?=0.8 with and without disorienting
fields. Solid lines are drawn as a guide to the eye

and dotted lines represent the corresponding
least-squares fits.

25—

perform N one-particle translation attempts and finaly After some preliminary tests, we typically run the simu-

one-particle orientational moves. In the first instance wdations for several temperatures around and below the ex-

choose with equal probability to perform either a particlepected LVE critical temperatures using various system sizes.

insertion or a particle deletion. The insertion attempt is re-The sample volumes were set tdo?, with L lying in the

jected if the current number of particldkis equal toN,,,,,; in range between 10 and 40. In all the cases we have used in the

other cases, we check whether the position of the new palang-Landau runs the values;=0.01, a=1/42, and &

ticle (chosen at random with uniformly distributed probabil- =0.1. We typically used 20-25 stages to obtain an initial

ity over the volume of the boxis forbidden due to hard- estimation ofQ2y(N).

sphere overlaps and finallyif required we generate at The LVE critical points were estimated using the simpli-

random the orientation of the new particle, compute thefied reweighting procedure and FSS analysis explained in the

change of the potential energy, and apply the acceptance ciprevious section. The pseudocritical temperatures were cho-

terion given in Eq(44). The deletion attempts are rejected if sen to be those that mak&equal to the critical value for the

N=Npin. In other cases a particle is chosen at random andvo-dimensional(2D) Ising universality class. In order to

the deletion is accepted with the probability given (). estimate the critical temperatures we have performed least-

We typically use 5000-20 000 insertion or deletion movessquares fittings of,(L) as a function oL,

per cycle(with more attempts for larger system$he trans-

lational moves are performed using the standard MC tech- £k 1)\"

niques[22]. The orientational changes are performed by TC(L)'TC+af<[> ' (62)

choosing the trial orientation at random. In these two latest

types of move, the Metropolis criterid@22] is used to accept WhereTZ, a;, andb, are free parameters. The use in E&R)

or reject the trial configurations. of three parameters takes into account the possible deviations
6

1
1
i
1}

— 100
© 900

- = 2500

s=- 6400
25600

BN
et

- FIG. 8. (Color online Size dependence of the
\‘-‘;\, angular correlatiors,(r) in the absence of exter-
@] R nal field for the planar nematogenic liquid at
- Tewssne 1 po?=0.8 andT =0.7. Notice the log, scale of
Coeemmge, the abscissa.
2 — —
1 1 1 1 1 1 11 I 1 1 | 1 5 { 1 11
1 10 100

r/c
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TABLE IlI. Pseudocritical temperatureg (L) for different sys-  results for various system sizé€st a given temperaturéo

tem sizes and different mode(lsee the text for details the expressions
V\/{) kmax
T.V) = py(T) + 1NV, 63
Lo 0 1 w 1 - Pm( ) Pm( ) gak( ) (63
10 0.486
12 0.496 0.501 0.550 0.510 0.645 Kmax
15 0505 Sp(T.V) = 3p(T) + 2 b(1NV)¥, (64)

k=1
16 0.507 0.509 0.558 0.514 0.650
20 0.515 0.514 0.563 0.516 0.653 wherek,ais chosen in each particular case to be either 1 or
24 0.520 0.517 0.566 0.518 0.654 2, depending on the behavior of the corresponding property
25 0.520 with the system size. It is clear, however, that this extrapo-
28 0.522 0.518 0.568 0.518 0.655 lation scheme, especially that of E§4), can become inac-
@ oS s osee s Oess S forlemperares cose o he crca pont. I oder b
3% 0526 0521 0570 0519  0.656 P g b glonw

have fitted the values gf(T) and 8p(T") to
40 0.528 0.521 0.571 0.519 0.656

pm(Mo?=2 c(T), (65)

from the scaling laws of the smallest systems and the fact =0

that the systems with orientation-dependent interactions

could exhibit a critical behavior different from that of the In[8p(T)o?]=InA+bIn(T,-T). (66)

simple 2D Yukawa fluidwhich is expected to belong to the

2D Ising universality clagssince the influence of a continu- In Eg. (65 we have used two or three coefficients. In Eq.

ous BKT transition on the gas-liquid critical behavior is not (66) T, is not fitted, but taken from the previous critical point

known a priori. In Table Il we gather the results of the estimates. On the other hand, in the fitting of E§p) we

pseudocritical temperatures. Onteis estimated using Eq. only retain data from states not too close to the critical tem-

(62), we use the results of different system sizesTélto perature(in practiceT" < 0.95T, Z). Therefore, one should not

extrapolatep, and Bp,. In Table 11l we show the results for deem these results for the paramdieas reliable estimates

the models considered in this work. of the corresponding critical exponent. We have also checked
In order to estimate the LVE we have first used the simuthe behavior of the values Ofp(T;) as a function of the

lation results and reweighting techniques introduced in thesystem size. The prediction from FSS theory is

previous section to determine the valygsand dp for dif-

ferent subcritical temperatures and system sizes. In some of 5p(T::,L) ~ LA, (67)

the systems there is a significant size dependence of the co-

existing vapor and liquid densities, therefore we have exwith 8/v=0.125 for the 2D Ising universality class. We have

trapolated the values to the thermodynamic limit, fitting thefitted the results Oﬁp(T;,L) to the expression

TABLE lIl. Estimates of critical properties and liquid-vapor equilibriuisee the text for detaﬂsTfOW
represents the lowest temperatures used in the fitting of the liquid-vapor binodal.

V\/(; 0 +1 +00 —% -1
T, 0.5423) 0.525620) 0.576520) 0.65723) 0.519910)
e 0.52410) 0.47533% 0.47°3%% 0.36Q1) 0.4121)
pco?/keT 0.541) 0.3006) 0.2202) 0.0671) 0.141)
by 1.0410) 1.4517) 1.32) 2.02) 2.04)
Co 0.300 0.326 0.890 0.674 0.450
c 0.402 0.270 -1.941 -0.710 -0.0745
o 2.048 0.353
A 0.918 0.771 0.727 0.554 0.629
b 0.492 0.341 0.322 0.192 0.213
Thow 0.450 0.440 0.490 0.530 0.450
bs~ Bl v 0.284) 0.193) 0.213) 0.141) 0.143)
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FIG. 9. (Color onling Liquid-vapor equilibria of the different 0'40

models. The symbols show the estimates of the critical points; the
critical temperatures of the different models satidfy(Wy=—-1)
<To(Wp=1) < To(W,=0) < To(Wp=2) < T(Wy=—). FIG. 10. (Color online Simulation results for the phase diagram

of the planar nematogenic liquid for various disorienting fields.
(69) Filled circles indicate the location of the gas-liquid critical point

estimates. Filled triangles denote the location of the BKT order-

disorder transition for various densities. These points are connected
In Table Il we collect the results for the different fits. The with straight lines which separate the fully isotropic phase from the
corresponding phase diagrams are plotted in Fig. 9 and iBKT ordered phase.
Fig. 10 the\/\/;:O,l, andee LVE curves are plotted together
with the estimates of the BKT transition. The models withtion to the change in the gas-liquid critical behavior induced
W=~ (Yukawa andW,=~1 seem to show a typical Ising- by the presence of the external field, we also observe an
like critical behavior—with all the cautions regarding the interesting feature in the field dependence of the critical tem-
critical parameter fitting commented upon above. In contrastperatures. First, one notices that when the field is turned on
the models withW, =0 depart from the Ising-like behavior the critical temperature is lowere@nd this is so for both
probably due to the presence of tricritical points or critical positive and negative fieldisThen, when the field is further
end points where the LVE line meets the orientational tranincreased towards or —= the critical temperature rises. This
sition line. Obviously, the limitations of present-day simula- |atter feature is easily understood since in both cases the
tion procedures do not allow for an assessment of the natuiigcrease in the field implies a larger net attraction—when
of the meeting point of the two types of transition. The re-W,=-x since the spins are all parallel and perpendicular to
sults are compatible with the presence of either a tricriticathe plane and whely== since the angular interactia3)
point or a critical end point. On the other hand, the results ofn two dimensions has a nonzero attractive angular average.
the FSS analysis do show significant differences between thehis increase in the net attraction also explains why the
critical behavior of the Maier-Saupe model witf,=0 and  width of the binodal increases uniformly as the field is aug-
those systems withV,>0. In the latter case the critical be- mented. As to the reduction in the critical temperature for
havior resembles to some extent that of the Blume-Capedmall fields, it could well be due to the change in the univer-
model[33]. Finally, the relatively large error bars in the es- sality class when the field is turned on. A similar feature was
timations of the critical densities of models WWGZO sug- found by Sokolovska and SokolovskiB5] in a three-
gest the possible nonanalyticity pf,(T;) in the vicinity of  dimensional Heisenberg model in their anisotropic mean
the critical point; preliminary result§34] using related spherical approximatiofiMSA) calculations. In particular,
lattice-gas models seem to support this hypotheses. Neveihe situation described in Rdf35] is similar to our negative
theless, the precise nature of the critical behavior of thesdisorienting field calculations.
models is beyond the scope of this work, and a proper study We focus now on what the theory can tell us regarding
of these issues would certainly require the consideration othese systems. As mentioned before, the anisotropic MSA of
larger and simpler systems, like the corresponding lattice ggd$86] leads in the zero-field case to a first-order transition in
models. We are currently working in this direction. In addi- which the gas-liquid transition is coupled to a nematic-

In[8p(T,,L)o?] =as—bsln L.
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isotropic transition and, as the temperature is raised, the der 125 T - | -
sity jump of the transition shrinks, eventually disappearing at
very high temperatures. In the case of an infinite disorienting
field we are dealing with thXY model, which is also known
to exhibit a BKT transition[30,31. Now, the anisotropic
MSA predicts in this limit a second-order transitid#,5]. T
Since both the MSA and the density functional the@yT)
are essentially mean field approachts nonlinear correc-
tion of the modified mean fieldMMF) does not radically
change the general behavior of the approximdtiae will
encounter again the same situation as in Ref$,36, as
illustrated in Fig. 11. If we compare now Figs. 10 and 11 it is 05
clear that the disorienting field shifts the order-disorder tran-
sition to higher temperatures and that the gas-liquid equilib-
rium curve is displaced to lower densities; i.e., the location
of what would be the gas-liquid critical point in an ordinary (.25
condensation moves toward substantially lower densities ant
slightly higher temperature. The simulation results indicate a
slight decrease in the gas-liquid critical temperature\/ﬁér
=1 (cf. Table I) which cannot be appreciated in the DFT 1
results, in which both the order-disorder and the gas-liquid, »
transition are smoothly coupled into a first-order transition.
Finally, the DFT in the infinite field limit predicts the pres-
ence of a tricritical point in both the MMF and the MF ap-  0.75
proaches. Our simulation results for the order-disorder tran-
sition in this latter instance, in accordance with findings for
the XY model[30,3]] also indicate the presence of a BKT
transition line that meets the LVE curve either at a tricritical 0.5
point or at a critical end point. As a final consideration re-
garding the two DFT approximations here employed, one
observes that both lead to similar results, with the MMF 455 , | . | , | , |
being slightly superior, in part due to a better treatment of the 0o 0.2 0.4 0.6 0.8
isotropic phase. pc”

In summary, we have presented a detailed simulation
study of the phase behavior of a Maier-Saupe fluid whose FIG. 11. (Color onling Phase diagram of the planar nematoge-
particles are constrained to lie in a plane, with and withouhic liquid for various disorienting fields in the MF and MMF
an external disorienting field. The simulation results confirmapproximations.
the presence of an order-disorder BKT transition that at low
temperatures couples with a gas-liquid transition. The DFT
approach reproduces qualitatively the field dependence of the ACKNOWLEDGMENT
phase behavior but predicts a first-order order-disorder tran-
sition that gradually becomes second order as the magnitude . ) ) .
of the disorienting field is increased. The DFT as constructed The financial support of the Direccion General de Inves-
here is unable to properly describe a BKT order-disordefigacion Cientifica is acknowledged by E.L, C.M., and
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